ON SOME HADAMARD-TYPE INEQUALITIES FOR 
CO-ORDINATED CONVEX FUNCTIONS 
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5^ , Abstract. In this paper, we prove some new inequalities of Hadamard-type 

Cu for convex functions on the co-ordinates. 

o 

< 

£J ; 1. INTRODUCTION 

t£^ ' Let f : I CM. — > R be a convex function defined on the interval / of real numbers 

and a < b. The following double inequality; 

CO , is well known in the literature as Hadamard's inequality. Both inequalities hold 

in the reversed direction if f is concave. 
£f) In [1 , Dragomir defined convex functions on the co-ordinates as following: 

o" 

Definition 1. Let us consider the bidimensional interval A = [a, b] x [c,d] in 
R 2 with a < b, c < d. A function f : A — > R will be called convex on the co- 
ordinates if the partial mappings f y : [a, b] — > R, f y (u) = f(u, y) and f x : [c, d] -^ R, 
k> ' fx{ v ) = /(s, v) are convex where defined for all y € [c, d] and x G [a, b]. Recall that 

j^ , the mapping f : A — > R is convex on A if the following inequality holds, 

a 

f{Xx + (1 - X)z, Xy + (1 - X)w) < Xf(x, y) + (l- X)f(z, w) 

for all (x, y), (z, w) s A and A £ [0, 1]. 

In pp, Dragomir established the following inequalities of Hadamard's type for 
co-ordinated convex functions on a rectangle from the plane R 2 . 
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Theorem 1. Suppose that f : A = [a, b] x [c, d] — >■ R is convex on the co-ordinates 
on A. TTien one /ias t/ie inequalities; 



(1.1) 



a + 6 c + d. 



1 
< - 
- 2 



< 



i,rW>^r^.* 



i 



(b-a)(d-c) J a 



b r d 



f(x,y)dxdy 



< 



(b ~ a) J a 



f{x, c)dx + 



(b - a) J a 



f(x, d)dx 



+ 



1 



f(a,y)dy + 



1 



< 



(d - c) J c (d - c) 

/(a,c) + /(M) + /(6,c) + /(M) 



f(b,y)dy 



The above inequalities are sharp. 

Similar results can be found in pQ- [7]. 

The main purpose of this paper is to prove some new inequalities of Hadamard- 
type for convex functions on the co-ordinates. 



2. MAIN RESULTS 
To prove our main result, we need the following Lemma. 

Lemma 1. Let / : A = [a, 6] x [c, d] — > M. be a twice partial differ entiable mapping 
on A = [a, b] x [c, d] . If -q^ G L (A) , then the following equality holds: 



b d 



(b -a)(d- c) 



f (u, v) dudv 



a c 
1 1 



V4(^ : c)7 / (t " i)(< " i) ^ (te+(i " t)o>jy+(i " a)c)<fadt 



+ V-^(^cf // (t " 1)(1 " a) ^ (te + (1 " t)0 ' ai/ + (1 " a)d)<fa<ft 

o o 



+ Vt I -f JJ {l - t){1 - s) ^Ts (te + a - *) M* + (i - «) 4 ** 
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whe 



A 



(x - a) (y -c)f (a, c) + (x - a) (d - y) f (a, d) 
(b -a)(d- c) 
(b - x) (y - c) f (b, c) + (b- x) (d - y) f (b, d) 
(b -a)(d- c) 

d d 

(x — a) f , . (b — x) 



(b -a)(d- c) 



f (a, v) dv 



(b -a)(d- c) 



/ (b, v) dv 



U, ~ U) bf f(u,d)du- ^ iy -f - jf(u,c)du 



(b - a) (d - c) 



(b -a){d- c) 



Proof. It suffices to note that 

2 2 1 1 

I = ^0L^ J J if-^s-^ll^xHl-^syHl-s^dsdt 





1 1 



{ 7-a) fd : i 1 I {t - 1){1 - 8) ms {tx +{1 - t] a > sy +{1 - s) d) dsdt 







h 

1 1 

+ t4^4 II {i - tHs - i) ^i {tx+{i - t)b - sy+ii - s)c)dsdt 





h 



1 1 



(L' ) ) ( (d:c) // (1 - t)(1 - a) ^ (te+(1 - t)Mi/+(1 - 8)d)d8dt - 





I* 



Integrating by parts, we get 



h = 



(x-a) (y-c) 



(b 


— a) (d — c) 


X 


1 /f< fc 

— a J os 




(x- 


- af (y - c) 2 


(b 


- o) (d - c) 




1 /*',* 



(,s-l) 



t-ldf 



x — a ds 



(tx + (1 - t) a, sy + (1 - s) c) 



(te + (1 - t) a, sy + (1 - s) c) dt 
1 df 



ds 



(8-1) 



x — a ds 



(a,sy+ (1 -s)c) 



x — a J ds 
o 



(tx + (1 - t) a, sy + (1 - s) c) dt 



d.s 
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By integrating again and by changing of the variables u = tx + (1 — t) a, v 
sy + (1 — s) c, we obtain 



h = 



(x -a)(y- c) 
(b -a)(d- c) 



(*-l) 



t-ldf 



x — a ds 



(tx + (1 - t) a, sy + (1 - s) c) 



1 f df 

a ( tx + ( 1 ~ f ) a ' S V + ( X ~ s ) c ) dt 



x — a J ds 

o 



ds 



■f(a,c) 



(x-a)(y-c) ' ( x - a) (y - c) 



f(a,v)dv 



1 



(x-a) (y-c) 



1 



X J/ 



f(u 1 c)du+- -^- -2 / / f{u,v)dudv. 

(x — a) (y — c) J J 

a c 



By a similar argument, we have 



h = 



1 



(a; -a)(d- y) 

1 

(x — a) (d — y) 



(x — a) (d — y) 



f(a,d)- 



1 



(x -a)(d- yY 



f(a,v)dv 



f (u, d) du 



x d 



f (u, v) dudv, 



1 



■f(b,c) 



(b-x)(y-cY * (b-x){y-cY 

b 

f (u, c) du 



f [b, v) dv 



1 



(b-x) [y-c) 



1 



b V 



-2- 72 I I f(u,v)dudv 

(b-x) (y-c) 



and 
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f(b,d) 



(b-x)(d-y) J ' (b-x)(d-yf 



f (b,v) dv 



(b-xY(d-y) 



f (u, d) du 



b d 



1 



— tj , i f (u, v) dudv. 

(b-xf(d-y) 2 ' ' ■ 

x y 



Therefore, we obtain 



h+h+h+ h 
1 

(b -a)(d- c) 



A- (x- a) 



d y 

f (a, v) dv + / / (a, v ) dv 



-(b-x) 



f(b,v)dv+ / f(b,v)dv 



(d-y) 



f (u, d)du+ If (u, d) du 



(y-c) 



f (u, c)du+ If (u, c) du 



by b d x y x d 

+ I If (u,v) dudv + / / / (u, v) dudv + / / / {u, v) dudv + I If (u,v) dudv 



x y 



a y 



1 



A — (x — a) / / (a, v) dv — (b — x) I f (b, v) dv 



(b -a)(d- c) 

6 b b d 

-(d-y) f (u, d)du- (y-c) If (u, c) du + f (u, v) dudv. 



Which completes the proof. 



a 



Theorem 2. Let f : A = [a, b] X [c, d] — > M. be a partial differ entiable map-ping on 



A = [a, b] x [c, d] and-§t£ e L (A). If 



d 2 f 

dtds 



is a convex function on the co-ordinates 
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on A, then the following inequality holds; 



A 



1 



b d 



(b - o) (d - c) 



/ (u, v) dudv 



< 



\(x-a) 2 + (b-x) 2 )((y-c) 2 + (d-y) 2 ) 



9 (6 - a) (d - c) 

'(x-a) 2 (U,- C ) 2 + (d-2/) 2 )' 





2 


(6- 


-^) 2 ((y-c) 2 + (d-z/) 2 )^ 




2 


(l/- 


-c) 2 ((x-a) 2 + (6-a;) 2 ) 




2 


(d- 


-yf^-of + ^-x) 2 ) 



5 2 / 



9 2 / 



dtds 
d 2 f 



dtds 
d 2 f 



dtdt 



(b,y) 

(x,c) 
(x,d) 



+ (x — a) (y - c) 



+ (b-x) (y- c) 



d 2 f 



dtds 
d 2 f 



dtds 



(a,c) 

(b,c) 



+ (x- a) 2 (d - y) 



+ (b - xf (d - yf 



d 2 f 



dtds 
d 2 f 



dtds 



(o,d) 

(b,d) 



Proof. From Lemma [T] and using the property of modulus, we have 



d 2 f 



dtds 



(x,y) 



b d 



A 



(b - o) (d - c) 



/ [u, v) dudv 



a c 
1 1 



• (*-a) 2 a/-c) 2 , /!(,_!)(,_!)! 



(6 - a) {d - c) 



o o 



d 2 f 



(x-a) 2 (d-y) 2 
(b-a)(d-c) 

(b - xf (y - c) 2 
(b-a)(d-c) 

(b - x) 2 (d - y) 2 
(b -a)(d- c) 



o o 
i i 





1 1 



l(t-l)(l-*)l 



(!-*)(* -1)1 



(1-t) (1-*)| 



dtds 
d 2 f 



dtds 

d 2 f 







dtds 
d 2 f 



dtds 



(tx + (1 - t) a, sy + (1 - s) c) dsdt 
(tx + (1 — t) a, sy + (1 — s) d) dsdt 
(tx + (1 - 1) b, sy + (1 - s) c) dsdt 
(tx + (1 - t) b, sy + (1 - s) d) dsdt. 
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Since 



d 2 f 
aids 



is co-ordinated convex, we can write 



A- 



1 



b d 



(b - a) (d - c) 



/ (u, v) dudv 



< 



(x - a) 2 (y - cY 
(b - a) (d - c) 



(s-1) 



(*-l)t 



LO 
1 



d 2 f 



dtds 



(x,sy + (l - s)c) 



til 



+ J (*-l)(l-t) 

o 

(a; - a) 2 (d - yf 
(b-a)(d-c) 



d 2 f 



dtds 



(a 1 sy + (1 -s)c) 



dt 



ds 



:i - a) 



(t-l)t 



a 2 / 



<9i9s 



(x, sy + (1 - s) d) 



dt 



o 



a 2 / 



<9iSs 



(a, sj/+ (1 -s)d) 



eft 



r/.s 



+ 



{b-xf {y-cf 
(b -a)(d- c) 



(s - 1) 



(i-l)i 



9 2 / 



<9i9s 



(x, sy + (l- s) c) 



dt 



+ /(*-l)(l-t) 



a 2 / 



(b-x) 2 (d-y) 2 
(6 - a) (d - c) 



i 



(6, sy + (1 - s) c) 



dt 



ds 



1(1-*) 



(l-t)t 



a 2 / 



«9i& 



(x, sj/ + (1 - s) d) 



(// 



+y (i-/.)(i-/.) 





a 2 / 



dtds 



(b, sy + {l- s) d) 



dt 



ds. 
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By computing these integrals, we obtain 

b d 
1 

A 



< 



(b -a)(d- c) 



(x-af (y-cf 
(b -a)(d- c) 



(x — a) (d — y) 
(b-a)(d-c) 



(b-xf (y-cf 
(b-a)(d-c) 



Us - 1 



/ (u, v) dudv 
d 2 f 



+ 



(b-x) 2 (d-y) 2 
(b - o) (d - c) 



II -.si 



I* -II 



1-* 



dtds 

d 2 f 



dtds 
d 2 .f 



dtds 
d 2 f 



dtds 



{x,sy+ (1 - s)c) 
(x, sy + (1 - s) d) 
(x 7 sy + (1 - s) c) 
(x, sy + (l- s) d) 



d 2 f 



dtds 
d 2 f 



dtds 
d 2 f 



dtds 
d 2 f 



dtd. 



(a, sy + (1 — s) c) ds 
(a, sy + (1 - s) d) 
{b, sy + (1 - s) c) 
(6, sy + (1 - s) d) 



ds 



ds 



ds. 



Using co-ordinated convexity of 

b d 



d 2 f 



,)!,),. 



again and computing all integrals, we obtain 



A- 



1 



< 



(b -a)(d- c) 

1 



/ (u, v) dudv 



(x-a) 2 + (b-x) 2 )((y-c) 2 + (d-y) 2 



9(b-a)(d- c) 

'(x-a) 2 ((y-cf + (d-yfy 



d 2 f 



dtds 



(x,y) 



2 




(b-x) 2 ((y-c) 2 + (d- 


-y?y 


2 




{y-cf((x-a) 2 + (b- 


- x f) 


2 




{d-yf({x-a) 2 + {b- 


-xf) 



d 2 ,f 



dtds 
d 2 f 



dtds 
d 2 f 



dtds 

d 2 f 



dtds 



( a ,y) 
(b,y) 
(x,c) 
(x,d) 



+ (x - a) (y — c) 



+ (b - x) 2 (y - c) 2 



d 2 f 



dtds 
d 2 f 



dtds 
Which completes the proof. 



(o,c) 
(b,c) 



+ (x- a) 2 (d - y) 



+ (b- xf (d - yf 



d 2 f 



dtds 
d 2 f 



dtds 



(a,d) 

(b,d) 



D 
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Corollary 1. (1) Under the assumptions of Theorem® if we choose x — a, y = c, 
we obtain the following inequality; 



f(b,d) 



(b — a) (d — c) d — c 



-f (u, d) du + 



/ 0, v) dv 



b d 



1 



b- 



(b -a)(d- c) 



f (u, v) dudv 



< 



1 



36 (6 - a) (d - c) 

1 



d 2 f 



dtds 
d 2 f 



18 (b -a){d- c) 



dtds 



(a,c 
(a,d) 



1 



9 (b - a) {d - c) 
1 



d 2 f 



dtds 
d 2 f 



18 (6 - a) (d - c) 



(b,d) 
(b,c) 



dtds 



(2) Under the assumptions of Theorem® if we choose x — b, y — d, we obtain the 
following inequality; 



f(a,c) 



1 



(b — a) (d — c) d — c 
/ (u, c) du + 



f (a, v) dv 



1 



b d 



(b -a){d- c) 



< 



(b - a) (d - c) 
36 

(b-a)(d-c) 
18 



d 2 f 



dtds 
d 2 f 



dtds 



(b,d) 
(a,d) 



1 



/ (u, v) dudv 
d 2 f 



9(b-a)(d- c) 
{b -a)(d- c) 



18 



dtds 
d 2 f 



dtds 



(a,c) 

(b,c) 



(3) Under the assumptions of Theorem® if we choose x = ^rp, y = ^2 ' we obtain 
the following inequality; 

f(a,c) + f(a,d) + f(b,c) + f(b,d) 1 



< 



2 (6 - a) 

1 



4 (6 - a) (d - c) 

b 

f (u, d) du 



1 



2 (b -a) 



2(d-c) 



f (u, c) du + 



f{a,v)dv- 



1 



/ (b, v) dv 



1 

- a) (d - c) 



2{d-c) 

b d 

f (u, v) dudv 



144 (b -a)(d- c) 
d 2 f f, c + d 



d 2 f fa + b c + d 



dtds \ ' 2 



dtds V 2 ' 2 
d 2 f fa + b 



d 2 f ( c + d 
a 



d 2 f 



dtds 



(a,c) 



d 2 f 



dtds 



dtds 



(o,d) 



dtds V"' 2 

d 2 f fa + b 



d 2 f 



dtds 



(b,c) 



dtds V 2 
d 2 f 



dtds 



(b,d) 



Theorem 3. Let f : A — [a, b] x [c, d] — > R be a partial differ entiable mapping on 
A = [a,b] x [c,d] and -q^ £ L(A). If g^ ,q> 1, is a convex function on the 
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co-ordinates on A, then the following inequality holds; 



'♦*=' 



b d 



-a)(d-c)J J f 



(u,v) dudv 



a c 



< 



1 



2«(p+l)' 
\{x- ■' 



T x 



(b-a)(d-c) {dWs {X ' V) + dWs {x > c) + dWs {a > y) 



(x - a) 2 (d - yf 
(6-o)(d-< 



(b 



■c) 



■'•)" (y-c) 2 



a 



( rf - c) 



(b-xf{d-y? ( 
(b - o) (d - c) V 



a 2 / 

d 2 f 

dtbS {x ' y) 

d 2 f 

dwS {x ' y) 



d 2 f 
dWs M 

d 2 f 

dtdS {x ' c) 

d 2 f q 

dWs {x > d) 



+ 



d 2 f 

dtdS {a > y) 

d 2 f q 

m; {b ' y) 

d 2 f q 

dibS {b ' y) 



d 2 f 
dWs {a ' c) 

d 2 f 
dWs {a ' d) 



8\l 



c) 



d 2 f 



»\i 



where p + q = 1 



Proof. From Lemma Q] we have 



6 rf 



.4 



(6 - o) (d - c) 



/ (u, w) dwdu 



a c 
1 1 



• {x .- a)2{y - c)2 I /|(* -!)(,- 1)| 



(6 - a) (d - c) 



o o 



a 2 / 



(x - a) 2 (d - y) 2 
(b-a)(d-c) 

(b - .x) 2 (y - c) 2 
(6-a)(d-c) 

(6 - x) 2 (d - y) 2 
(b -a)(d- c) 



o o 
i i 





1 1 



l(t-l)(l-*)l 



(!-*)(* -1)1 



(1-t) (1-*)| 



9 2 / 



5 2 / 







dtds 
d 2 f 



dtds 



(tx + (1 - t) a, sy + (1 - s) c) dsdi 
(fee + (1 — t) a, sy + (1 — s) d) dsdt 
(tx + (1 - 1) b, sy + (1 - s) c) dsdt 
(tx + (1 - t) b, sy + (1 - s) d) dsdt. 
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By using the well known Holder inequality for double integrals, then one has: 



11 



A- 



1 



b d 



(b - o) (d - c) 



/ (u, v) dudv 



<■' {X . a)2( : V C . )2 I / / | (t - 1) (s - 1) \ p dsdi 



(b -a)(d- c) 



\0 o 



d 2 f 



dtdt 



(tx + (1 - t) a, sy + (1 - s) c) 



dsdt 



{x - af (d - y) 
(b-a)(d-c) 



\(t - 1) (1 - s)\ p dsdt 



\0 o 



d 2 f 



dtds 



(tx + (1 - t) a, sy + (1 - s) d) 



dsdt 



(b - xf (y - cf 
(b-a)(d-c) 



|(1 -t)(s-l)\ p dsdt 



\o o 



d\f 



dtds 



(tx + (l-t)b,sy + {l-s)c) 



dsdt 



+ (b-x)y- V ) a { ! i K1 _ tH1 _ a)fdadt 



(b -a)(d- c) 



\0 o 



\0 



d\f 



dtds 



(tx + (1 -t)b,sy+ (1 -s)d) 



dsdt. 



Since 

t e [0, l] 



a 2 / 



,)!,),< 



is convex function on the co-ordinates on A, we know that for 



d 2 f 



' t 



dtds 
d 2 f 



(tx + (1 - t) a, sy + (l- s) c) 



dtdt 



(x,sy+ (1 - s)c) 



t s 



d 2 .f 
dtds 



(x,y) 



+ (l-s) 



+ (1-*) 

d 2 f 



d 2 f 



dtds 



dtds 



(x,c) 



(a, sy + (l- s) c) 
d 2 f 



+ (l-t)[s 



dtdt 



(a,y) 



+ (!-*) 



d 2 f 
dtds 



(a,c) 
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and by using the fact that 



\(t - 1) (s - l)\ p dsdt } = 



1 



(P+1)» 



we get 



(2.1) 



< 



l l 



kO o 
i i 



d 2 f 



dtds 



(tx + (1 - t) a, sy + (l- s) c) 



dsdt 



vO o 



ts 



d 2 f 



+ (1 - t) s 



dtds 
d 2 f 



(x,y) 



+ * (1 - s) 



d 2 f 



dtds 



(x,c) 



dtds 



(a,y) 



+ (l-t)(l-8) 



d 2 f 



dtdt 



(a,c) 



dtds 



1 

2~ 

2" 



d 2 f 



dtds 
and similarly, we get 



(x,y) 



d 2 f 



dtds 



(x,c) 



d 2 f 



dtds 



(a,y) 



d 2 f 



dtds 



(a,c) 



i i 



(2.2) 



\0 o 



d 2 f 



dtds 



(tx + (1 - t) a, sy + (l- s) d) 



< 



d 2 f 



dtdt 



(x,y) 



d 2 f 



dtds 



(x,d) 



d 2 .f 



dtds 



dsdt 



(a,y) 



d 2 f 



dtds 



(a,d) 



9\ a 



(2.3) 



vO 



d 2 f 



dtds 



(tx + (1 - t) b, sy+(l- s) c) 



< 



■r. 



d 2 f 



dtds 



(x,y) 



d 2 ! 



dtds 



(x,c) 



d 2 f 



dtds 



dsdt 



(6,1/) 



d 2 f 



dtds 



(6,c) 



i i 



(2.4) 



d 2 f 



dtdt 



(tx + (l -t)b,sy+ (1 - s)d) 



< 



2" 



d 2 f 
dtds 



(x,y) 



d 2 f 

dtds 



(x,d) 



d 2 .f 

dtds 



dsdt. 



(6,2/) 



d 2 f 
dtds 



(b,d) 
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Then by using the inequalities (|2.1[) - (|2.4|) in (??), we obtain 



< 



b d 



A + 



1 



(b -a)(d- c) 

1 1 



/ (u, v) dudv 



(p+l)5 2^ 



) {x- af (y - cf 
\ (b-a)(d-c) 

(x - a) 2 (d - yf 
(b-a)(d-c) 

{b-x) 2 (y-c) 2 
(b-a)(d-c) 

, {b-xf{d-yf 
(b-a)(d-c) 

which completes the proof. 



d 2 f 



dtds 
d 2 f 



dtds 
d 2 .f 



dtds 
d 2 f 



dtds 



[x,y) 



(x,y) 



{x,y) 



(x,y) 



d 2 f 



dtds 
d 2 f 



dtds 
d 2 .f 



(x,c) 



(x,d) 



dtds 
d 2 f 



dtds 



d 2 f 



dtds 
d 2 f 



(x,c) 


<3 

+ 


(x,d) 


1 

+ 



dtds 

d 2 f 
dtds 

d 2 f 
dtds 



(a,y) 



(a,y) 



(b,y) 



Q>,y) 



d 2 f 



dtds 
d 2 f 



dtds 
d 2 f 



(a,c) 



(a,d) 



dtds 
d 2 f 



dtds 



(b,c) 



(b,d) 



□ 



Corollary 2. (1) Under the assumptions of Theorem^ if we choose x — a, y = c, 
or x — b, y = d, we obtain the following inequality; 



< 



(b -a){d- c) 

1 



b d 



f (b, d)-(b-a) f (b, v)dv-{d-c) f (u, d)du+ f (u, v) dudv 



(b-a)(d-c)(p + l)* 2« 



d 2 f 



dtdt 



(a,c) 



d 2 f 



dtds 



(a,d) 



d 2 f 



dtds 



(b,c) 



d 2 f 



dtds 



(b,d) 



(2) Under the assumptions of Theorem^ if we choose x — b, y — d, we obtain the 
following inequality; 



1 



< 



(6 - a) (d - c) 

1 



d b b d 

f (a, c) — (b — a) f (a, v) dv — (d — c) I f (u, c)du + I f (u, v) dudv 



(6-a)(d-c)(p+l)^2f 



d 2 f 



dtds 



(b,d) 



d 2 f 



dtds 



(b,c) 



d 2 f 



dtds 



(a,d) 



d 2 f 



dtdt 



(a,c) 



(3) Under the assumptions of Theorem^ if we choose x — a, y — d, we obtain the 
following inequality; 

d b b d 

f (b, c) — (b — a) f (b, v) dv — (d — c) I f (u, c) du + f (u, v) dudv 



< 



(b -a){d- c) 

1 



(6-a)(d-c)(p + l)*2f 



d 2 f 



dtds 



(a,d) 



d 2 f 



dtds 



(a,c) 



d 2 f 



dtdt 



(b,d) 



d 2 f 



dtds 



(b,c) 
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(4)Under the assumptions of Theorem^ if we choose x — b, y — c, we obtain the 
following inequality; 



< 



(b -a)(d- c) 

1 



d b b d 

f (a, d) — (b — a) / / (a, v) dv — (d — c) f f (u, d) du + f (u, v) dudv 



(6-a)(d-c)(p + l)*2f 



d 2 f 



dtds 



(b,c) 



d 2 f 



dtds 



(b,d) 



d 2 f 



dtds 



(a,c) 



d 2 f 



dtdi 



(a,d) 



(5) Under the assumptions of Theorem^ if we choose x = ^^, y = ^rp, we obtain 
the following inequality; 



< 



f(a,c) + f(a,d) + f(b,c)+f(b,d) 1 


d 

!> 

c 


(av)d- 1 




1 
f (b, v) dv 


4 (6 - a) (d - c) 


2{d-c) 


(a,v)dv 2{d _ c) j 

C 


b b 

/ f In cT\ dii / f (ii r} dv 


b 

i f 


d 

f (u, v) dudv 




2(b-a)J ^ u > d > du 2{b~a)J i{U ' C)dV 

a a 


(b-a)(d-c)J J 

a c 




1 

(6-a)(d-c)16(p + l)*2i 


{( 


d 2 f U + b c + d\ 
dtds \ 2 ' 2 J 


+ 


d 2 f U + b \ 
dtds V 2 ' 7 


q 

+ 


d 2 f f c + d\ 
dtds \ a ' 2 ) 


+ 


d 2 f 
dtds {a > c) 


<l 


+ ( 


d 2 f U + b c + d\ 
dtds V 2 ' 2 ) 


<l 
+ 


d 2 f fa + b ^ 
dtds { 2 ' J 


<l 

+ 


d 2 f ( c + d\ 

dtds \ a ' 2 ) 


<i 
+ 


dtds^ 


) 


+ ( 


d 2 f U + b c + d\ 
dtds \ 2 ' 2 ) 


<l 
+ 


d 2 f fa + b \ 
dtds V 2 '7 


1 

+ 


d 2 f f,c + d\ 
dtds \ ' 2 J 


+ 


d 2 f 


</ 


< 


d 2 f U + b c + d\ 
dtds \ 2 ' 2 J 


<l 
+ 


d 2 f fa + b j\ 
dtds \ 2 ' J 


II 

+ 


d 2 f f,c + d\ 
dtds \' 2 J 


<i 
+ 


d 2 f 


c 



Theorem 4. Let f : A — [a,b] x [c, d] — > M. be a partial differentiate mapping on 

ft 2 f ft 2 f ^ 

A = [a,b] x [c,d] and -q^ 6 L(A). If -^4^ , q > 1, is a convex function on the 
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co-ordinates on A, then the following inequality holds; 



15 



b d 



A 



1 



(b - a) (d - c) 



A 



i-i 



36 



d 2 f 



a c 

'-I 



+L 



-M 



36 



dtds 
d 2 f 



dtds 
d 2 f 



(x,y) 



x,y) 



f (u, v) dudv 
d 2 f 



+ 



1 
18 

1 
18 



dtds 
d 2 f 



(x, c) + — 



36 



+N{ m 



dtds 
d 2 f 



dtds 



(x,y) 


q l 
+ 18 


(x,y) 


q l 
+ 18 



dtds 

d 2 f 
dtds 

d 2 f 
dtds 



(x,d) 



<-l 

+ 


1 

18 


<-l 

+ 


1 
18 



(x,c) 


q 1 

+ 18 


(x,d) 


q 1 

+ 18 



d 2 f 

dtds 

d 2 f 
dtds 

d 2 f 
dtds 

d 2 f 



(a,y) 



(a,y) 



(b,y) 



~ dWs^ y) 



1 
9 

1 
9 

1 
" 9 

1 
9 



d 2 f 



dtds 
d 2 f 



dtds 
d 2 f 



dtds 
d 2 f 



(a,c) 



(a,d) 



(b,c) 



dtds 



(b,d) 



where 



K 

L 

M 

N 

Proof. From Lemma [TJ we have 



(x- 


a f (y - 


-c) 


(b 
(x- 


-a)(d- 

af (d - 


-c) 

-yf 


(b 
(b- 


-a){d- 

x) 2 (y- 


-c) 

-c) 


(b- 

(b- 


-a){d- 

x) 2 {d- 


-c) 

-yf 



{b -a)(d- c) 



b d 



A 



(b - o) (d - c) 



/ [u, v) dudv 



< 



{x-af ' (y~c) 2 
{b -a){d- c) 



(x-a) 2 (d-y) 2 
(b-a)(d-c) 

(b - xf (y - c) 2 
(b-a)(d-c) 

(b - x) 2 (d - yf 
(b -a)(d- c) 



a c 
1 1 



|(t-l)(a-l)| 



d 2 f 



o o 
i i 





1 1 



l(t-l)(l-*)l 
(1 -*)(*- 1)1 

1(1 -t) (1- 8 )| 



dtds 
d 2 f 



dtds 

d 2 f 



o o 



dtds 
d 2 f 



dtds 



(tx + (1 - t) a, sy + (1 - s) c) dsdt 
{tx + (1 — t) a, sy + (1 — s) d) dsdt 
(tx + (1 - 1) b, sy + (1 - s) c) dsdt 
(tx + (1 - t) b, sy + (1 - s) d) dsdt. 
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By using the well known Power mean inequality for double integrals, then one has: 



(2.5) 



A 



1 



b d 



(b -a){d- c) 



f (u, v) dudv 



< (X a)2(y C)2 I / I \(t-l)(s-l)\dsdt 



i-i 



(b -a)(d- c) 



vO o 



i i 



x Ij / / |(t-l)(s-l) 

\0 

(x-af {d-yf 

(b-a)(d-c) 

\o o 

i i 

< I /" /"|(t-l)(l-*)| 

v (l I) 

(6 - x) (y- c) 
(b-a)(d-c) 

\0 

i i 

< I f f\(l-t)(s-l 

vd o 

1 1 



a 2 / 



<9t<9s 



(ix + (1 - t) a, sy + (l- s) c) 



dsdt 



i-i 



|(i- 1)(1 -a) | dsdt 



a 2 / 



<9t<9s 



(tx + (1 - t) a, sy + (1 - s) d) 



dsdt 



[l-t){s-l)\dsdt 



d 2 f 



dtds 



(tx + (l -t)b,sy + (1 -s)c) 



dsdt 



i-i 



(fr-x) 2 (d-y) 2 
(6 - a) (d - c) 



|(1 -t)(l-s)| dsdt 



i i 
< I f J\(l-t)(l-s)\ 
\0 o 



a 2 / 



dtds 



(tx + (l -t)b,sy + (1 -s)d) 



dsdt. 



Since 

Me [0, 1] 



a 2 / 



<>/<>,< 



is convex function on the co-ordinates on A, we know that for 



d 2 f 



' t 



dtds 
d 2 f 



(tx + (1 - t) a, sy + (1 - s) c) 



«9t& 



(x, sy+ (1 -s)c) 



t s 



d 2 .f 
dtds 



(x,y) 



+ (!-*) 



+ (1-*) 

d 2 f 



d 2 f 



dtds 



dtds 



(x,c) 



(a, sy + (l- s) c) 
9 2 .f 



+ (l-t) s 



di& 



(a, 2/) 



+ (!-*) 



d 2 f 
dtds 



(a,c) 
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and by using the fact that 



i-i 



10- l)(s- l)\dsdt 



1\ « 



we get 



(2.6) / / |(t-l)(3-l) 



\0 

1 1 



d 2 f 



dtds 



(tx + (l -t)a,sy+ (1 - s)c) 



dsdt 



< 



\(t-l)(s-l)\{ts 



\0 



d 2 f 



dtdt 



(x,y) 



+ (l-t)s 



d 2 f 



l 

36 



d 2 .f 



dtds 



dtdt 



(x,y) 



(a,y) 



18 



+ (1 - t) (1 - s) 
d 2 f 



+ t(l-s) 

d 2 f 



d 2 f 



dtds 



(x,c) 



dtds 



(x,c) 



dtds 
d 2 f 



a,c) 



dtdt 



18 



dtds 



(a,y) 



d 2 .f 



dtds 



(o,c) 



and similarly, we get 



l l 



i2 iII 



\0 



d 2 f 



dtds 



(tx + (l-t) a, sy+(l- s) d) 



dsdt 



< 



36 



d 2 f 



dtds 



(x,y) 



18 



d 2 f 



dtdt 



(x,d) 



18 



d 2 f 



dtdt 



{a,y) 



d 2 f 



dtdt 



(a,d) 



(2.8) 



< 



\0 o 

1 
36 



d 2 f 



dtdi 



(tx+(l-t)b,sy+(l-s)c) 



dsdt 



d 2 f 



dtds 



0,2/) 



18 



d 2 f 



dtdt 



(x,c) 



18 



a 2 / 



9i9s 



(6,y) 



d 2 f 



dtdt 



(b,c) 



l l 



(2-9 



< 



// 




d 2 .f .. 
dtds [ 


+ {i-t 


1 

36 


8 
dt 


l^ 


q i 

+ 18 



dsdt. 



d 2 f 
dtds 



{x,d) 



18 



d 2 f 

dtds 



(b,y) 



d 2 f 
dtds 



(b,d) 



18 
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Then by using the inequalities (|2.6|) - (|2.9| in ()2.5|) . we obtain 

b d 
' f 

/ {u, v) dudv 



A 



l-i 



< 



(6 - a) (d - c) 



d 2 f 





d 2 f 

didS {x > y) 



d 2 f 

dto; {x ' y) 

d 2 f 
dWs {x ' y) 



1 
18 



' 1 
+ 18 



1 
"18 

1 
18 



d 2 f 
dtdS M 

Q2J 1 

dtdS {x ' d) 

d 2 f . * 

dtdS {x > c) 

d 2 f 
dWs ix > d) 



1 
' 18 

1 
18 

1 

f 18 

1 
H 18 



d 2 f 

dtdS {a ' y) 

d 2 f q 

dtdS {a ' y) 

d 2 f q 

dtdS {b ' y) 

d 2 f 

mdS^ y) 



i 

"9 

1 
9 



which completes the 



proof. 



1 
" 9 

1 
9 

D 



d 2 f . *y 

d 2 f 

dto; {a ' d) 

d 2 f 

dtdS {b ' c) 

d 2 f 



«\i 



«\t 
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